THE ENCLOSING OF CELLS IN THREE SPACE
BY SIMPLE CLOSED SURFACES

BY
H. C. GRIFFITH()

1. Introduction. A subset X of Euclidean n-space R" which is homeo-
morphic to an Euclidean polyhedron is called tame by Fox-Artin [4](?) pro-
vided there is a homeomorphism of R* onto itself which carries X onto an
Euclidean polyhedron. A question that naturally arises is under what condi-
tions will a homeomorph of an Euclidean polyhedron be tame.

As a step toward the solution of this problem Harrold [6] shows that an
arc or simple closed curve in R?® with a certain property P (defined below)
has a complement which is homeomorphic to the complement of its proto-
type, an evident necessary condition for being tame.

In this paper an extension of the definition of property P to k-cells in R3,
k=1, 2, or 3, is made, and an extension of the result of Harrold to k-cellsis
made at the cost of imposing an extra condition which is always fulfilled when
k=1. The techniques used are those of Harrold, and depend strongly on the
results of Alexander [1]. Much use is made of the concept of a semi-linear
map as used by Graeub [5] and Moise [9]. As in Harrold-Moise [7], the set
K is called locally polyhedral at a point p provided. there is a neighborhood of
p which meets K in a finite (or null) polyhedron. The set K is called locally
polyhedral modulo C if it is locally polyhedral at each point of the complement
of C.

2. Definitions and notation. Euclidean k-space will be denoted by R* and
a fixed rectangular Cartesian coordinate system will be assumed chosen for
Rk, The closure of a subset 4 of a space R will be denoted by Clg 4, or simply
Cl A if it is clear from the context what space R is meant. The boundary of 4
in R will be denoted by Bz(4) and is defined to be [Clz 4 ]N[Clg(R\4)],
where X\ YV denotes the set of points in X but not in Y. The set E* is defined
to be the set of all points (x;, - - -, xx) of R* such that 0=<x;=<1 for each
i=1, - - -, k, and C* denotes a topological image of E* in R? for k=1, 2, or 3.
The image C* will be called a k-cell and a 0-cell is defined to be a point. The
symbol C without a superscript is to be interpreted as a k-cell for some
k=1, 2, or 3, and the term “a cell” as “a k-cell for k=0, 1, 2, or 3.”
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If % is any homeomorphism of E* onto C for k=1, 2, or 3, that subset of
C which is the image under & of Bg*(E*) is denoted by dC, and is seen not
to depend on &. If C is a 0-cell, dC is defined to be the null set. An open
k-cell is a homeomorph of E¥\Bgz*(EF), and a k-sphere is a homeomorph of
Byt (E¥*1), A 2-cell (an open 2-cell) will occasionally be called a disk (an
open disk).

If K is a 2-sphere in R® then Int K and Ext K will be used to denote
respectively the bounded and unbounded domains complementary to K (see
[11, Theorem 5.3]).

The null set will be denoted by []. The symbol §(4) denotes the diameter
of the set 4, defined as usual by §(4) =sup,sc4 d(a, b) where d(a, b) denotes
Euclidean distance. Two sets A and B are called separate in R provided
ANClg B=BNClg A=1.

The topological product of two spaces M and N is denoted by M XN.
Two continuous maps fy and f; of 4 into B are said to be homotopic (in B)
if there is a continuous map F (called a homotopy) of 4 X E! into B which
agrees with fo on 4 X0 and with f; on 4 X1. When f, and f; are homeomor-
phisms, then a homotopy F of fy and f; is called an isotopy provided the re-
striction of F to 4 X¢ is a homeomorphism for each ¢ in EL

2.11 DEFINITION. Let © denote the non-null class of all homeomorphisms of
E¥=E'XE*! onto C, and let

Tk={T| T = h(x X E*1) for some x in E* and hin $}.

2.12 DEerINITION. For each h in D let

T = {TEIkI T = h(x X E) for some x in E'}.

It is evident that if T&Z* then C\T is either connected or consists of
exactly two components A4, and A4, and that A;\JUT=CI(4,) is a k-cell,
1=0, 1.

It is well known that the collection of all closed subsets of C forms a metric
space under the Hausdorff metric [8] ¢ which is defined as follows.

2.13 DEFINITION. ¢(A4, B) =max [sup.c4 d(a, B), supscs d(4, b) ].

By the remark following Definition 2.12 if TE€Z* then C\T may be writ-
ten as M'\UN’, where M’ is a component of C\T and N’ is either a component
of C\T or the null set. Letting M=M'UT and N=N'UT, T determines a
triple of non-null closed subsets (T, M, N) of C. For any pair T1, T2 of ele-
ments of T*, make the following definition.

2.14 DEFINITION.

p(T;, Tz) = O‘(Tx, Tg) + min [U(Ml, Mz) + O’(Nl, Nz), G’(Ml, Nz) + O'(Nl, Mz)]
Evidently p(T, T)=0, and if p(T:, T2)=0 then o¢(T:, T)=0 so that

Ty\=T,. For any triple T, Ts, T3 of elements of T and a proper choice of
notation
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p(Ty, T3) = o(Ty, To) + o(My, Ms) + o(Ny, No),
and
p(Ts, T3) = o(Ts, Ts) + o(M2 M3) + o(Ns, Ns).
Adding these two and using the triangle inequality for o gives
o(Ty, T2) + p(Ts, Ts) 2 o(Ty, Ts) + o(My, Ms) + o(Ny, N3) = p(T, Ts).

Thus p is a metric on $*.

The superscript of T* will hereafter be omitted when no loss of clarity
results.

2.21 DEFINITION. For every TESX and ¢>0 define B(T, €) as the set of all
KC R® satisfying the following conditions:

1. K is a topological 2-sphere.

2. TCInt K.

3. K 1s locally polyhedral modulo C.

4. KNC=T\IT,, where TY\N\T,=[1, where T;=[] or T:ET for i=1, 2,
and where if TCAC, then T.=[]. .

5. KCS(T, e).

It is evident that both € and B(T, €) depend on the cell C. Since with
few exceptions only one cell C will be under consideration, this dependence is
not indicated in the notation. However, when this is not the case, these sets
will be denoted by T(C) and P(C, T, €) respectively.

2.22 DEFINITION. C will be said to have property P provided that for each
TET and €>0 the set B(T, €) is non-null.

2.23 DEFINITION. C will be said to have property P relative to a subset T
of T provided for every € >0 and TEZ, the set P(T, €) is non-null.

2.31 DEFINITION. For every TET and €>0 let D(T, €) denote the set of all
DCR?® such that
D is a topological 2-cell.
aDNC=[].

DNCES.

D is locally polyhedral modulo C.

p(T, DNC)<e.

If C\D has two components C, and C,, then there is an 1>0 such that if
N s a connected set meeting both C, and C, with §(N) <n, then N meets D also.

2.32 DEFINITION. C will be said to have the disk property relative to a subset
To of T provided D(T, ¢€) is non-null for every € >0 and TEZ,. If C has the disk
property relative to the whole set T, then it will simply be said that C has the disk
property.

2.33 DEFINITION. C will be said to have the uniform disk property relative
to a subset To of T provided to each w>0 there corresponds a >0 such that if
T&Z and €>0 there is a D in D(T, €) with d(@D, C)>b and DCS(T, w).

Qe
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When C has the uniform disk property relative to I for each b in O, C will be
satd to have the uniform disk property.
2.4 DEFINITION. C will be said to have the enclosure property provided for
each €>0 there is a polyhedral topological 2-sphere K in S(C, €) with CClInt K.
3. Relations between the metrics. The metric p is chosen for ¥ in prefer-
ence to the somewhat more simple metric o chiefly because ¢ does not have the
property described in this lemma.

3.1 Lemma. If Uy, U, and T are elements of T such that T separates U,
and U, on C, then there is a $>0 such that every element T’ of T with p(T, T")
<B separates U, and Us on C.

Proof. The notation may be assumed chosen so that M, U; and NoyD U,
where M, and N, are the components of C\T. If T'EZ is disjoint from U;
and U, and does not separate U; and U, on C, then both U, and U: lie in the
same component M{ of C\T’. Choose p;€ U;, i=1, 2 and let M =M,JT,
N=NJT, M'=M{JT’, and N'=NJ\JT’ where N is either null or the
component of C\T’ other than M{. Then

(T, T') Z min [o(M, M) + o (N, N'), o(M, N') + o(N, M")],

SO
o(T, T') 2 min [U(Mr M), a(N, M’)]v
or
o7, T") 2 min[ sup d(M, p), sup d(N, p)];
EM’ PEM’
or

p(T, TI) g min [d(Mr P2)r d(N, Pl) ]’

But p,E€ U CN while pyE Ui C M, so fi=min [d(M, p2), d(N, p1)]>0. Also
TN(UJUz) =1, so B.=d(T, U\\JUU,)>0. Hence f=min (B4, Bz) is positive
and independent of T”. Further, if p(T, T') <8, then the assumption that 7"
does not separate U; and U: on C leads to a contradiction.

3.2. LEmMA. If TES and >0 then there is an 1>0 such that the comple-
ment of S(T, 8) lies in Ext K for every K in B(T, 7).

Proof. Choose p € R® and r sufficiently large that S(T, §) CS(p, 7). Then
R=R¥\S(p, r) is connected and disjoint from S(T, 6/n) for each n=1,
2, - - -, and hence determines a component R, of R}\S (T, §/n) for each n.
The sequence { R,} is monotone nondecreasing and has as limit UR,, which is
clearly in R\T. But any point x of R®\T can be joined to R by an arc 4. in
R3\T and if 6/n is less than d(T, A,\JR) then A, and hence x is in R,. Thus
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the reverse inclusion (R*\T)CUR, also holds and UR,=R*T. This means
that any closed set disjoint from T lies in R, for all sufficiently large n. In
particular, for the assigned & there is an N such that the complement of
S(T, 6) lies in Ry. Now if n<d(T, Ry) and KEP(T, n), then Ry is an un-
bounded set in the complement of K and hence RyCExt K. Since the com-
plement of S(T, §) lies in Ry, the desired 7 has been found.

3.3 COROLLARY. A cell has property P (property P relative to o) if and
only if for each ¢>0 and TEZ (TET,) there isa K in P(T, €) with Int KCS
(T, ).

4. Property P and the disk property.

4.1. THEOREM. In order that C have property P (property P relative to I,)
it is necessary and sufficient that for every ¢>0 and TEZI (TET,) there be a
K in P(T, € satisfying the following two conditions:

1. (KUInt K)CS(T, ¢).

2. If KNC has two components, Uy and U, then T separates Uy and U,
on C.

Proof. The sufficiency is obvious, so suppose C has property P (property
P relative to To) and let e>0 and TET (T ET,) be assigned. Two cases arise.

CasE 1. TMAC=0T. Then T =k(aXE*1) for some k&P and 0<a<1,
and M1=Uo<.<a B(x X E*1) and Mz =U.<.<1 h(x X E*1') are the components
of C\T. Let p: be a point of M;, i=1, 2, and let n=min [¢, d(T, $1),
d(T, ps)]. Then B(T, 7) CB(T, ¢) since  <e, so it will suffice to show there is
a K in B(T, n) meeting the requirements. Corollary 3.3 guarantees there is a
K in B(T, n) with Int KCS(T, n), and this, together with 5 of Definition
2.21 means that this K satisfies condition 1.

Now let ¢ be either 1 or 2. Since d(p;, T)=1 and (K\UInt K)CS(T, »),
pi is in Ext K. So Cl M;=M;UT contains p;€EExt K and TClInt K, so
KNCIM;=KN\(MMIT)=KNM;#[]. Thus KNM,;=U;EZ by 4 of Defini-
tion 2.21. But since T separates M; and M, on C, it must also separate
Ui=MNK and U,= MK on C, so condition 2 is satisfied.

CasE 2. TCAC. Then Corollary 3.3 guarantees condition 1 and condition
2 is vacuously fulfilled, for condition 4 of Definition 2.21 requires that KNC
have but one component.

4.2. DEFINITION. Let P*(T, €) denote the set of all spheres of P(T, €)
satisfying the conclusion of Theorem 4.1.

In terms of this notation Theorem 4.1 states that C has property P
(relative to o) if and only if B*(7T, €) is non-null for every TEZ (TET,) and
e>0.

4.3. LEMMA. If TES and €>0, then there is a B8>0 such that whenever
KEP*(T, B) and T: is a component of KNC, then p(T, T1) <e.
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Proof. Let €>0 and TEST be assigned. Then C may be written as C,\\JUC,
where T =h(xoXE*!) for some hE D and C; and C; are the images under &
of Uosrz B(x X E*1) and U<.<1 B(x X E*1) respectively. Each C; is a cell
(one is of dimension k and the other of dimension k or k—1 according as
TMAC is T or T) and is therefore uniformly locally connected. That is, for
1=1 and 7=2 there is an w;>0 such that if tE€T and pE C; with d(¢, p) <w:
then some connected subset Q of C; with §(Q) <e/4 contains both ¢ and p.

If C.#T, straightforward application of the uniform continuity of &
produces an x;>x, meeting the following conditions:

4.31 T! =h(x;XE*¥) is a subset of Ci.

4.32 d(t, T!) <w; for all tET.

4.33 d[h(x, y), T]+d[h(x, v), T!]<e/4 for all x between x; and x, and
any y in E¥ 1.

For i=1, 2 let B;=min [d(T, T!), e¢/4] or B;=1 according as C;#= T or
C;=T, and let B=min (8, B2).

Suppose now that KEP*(T, 8) and that T} is a component of KMNC. The
inclusion T7CC, is assumed as a notational convenience. If ¢ is any point of
T then by 4.32 there is a ¢t{ €T with d(¢, t{ ) <w; and hence a connected sub-
set Q of C;, with 8(Q) <e/4 which contains both ¢ and ¢/. But TCInt K and,
since KUInt KCS(T, B8) and d(T, T{)>B, T{ CExt K. The set Q therefore
meets both Int K and Ext K, and must meet K, so 4 EQMNK may be chosen.
That KNC, =T, follows from condition 2 of Theorem 4.1 and the choice of
the sets C; and C,, so since QNKCCiNK, ¢, is a point of Ty1. Then d(¢, T))
<d(t, t)=<6(Q)<e¢/4. But t was arbitrary in T so sup.ecr d(¢, T1) Ze/4.
Since T1CKCS(T, B), it follows that supyer, d(T, t) <B =¢/4. Combining
these yields o(T, T1) Ze/4.

Now let (T, Ci, C) and (T, M, N) be the triples of sets in the expression
for p(T, T\) where N contains T. Since C; is connected and T;CC,, this re-
quires C;C N and MCC,, so that sup,en d(p, Ci) =sup ¢, d(IV, ¢) =0.
This means that

o(T, Ty) = o(T, T1) + sup d(M, p) + sup d(g, Cs).
PEC, «EN

But if p& (), then p=h(x, y) where 0=x=x, and yEE* 1. If x <x; then
PEM so d(M, p) =0, and if x, Sx =x,, then, by 4.33 together with the fact
that the choice of 8 implies TY C M, d(M, p) =d(T!, p) Se/4. Similarly, if
gEN then g=h(x, y) with x;=x=1 so either xo<x, in which case ¢€C;
and d(q, C2) =0, or x; <x <x,, so that by 4.33, d(g, C:) =d(q, T) <e/4. Com-
bining, p(T, T1) Se/4+e/4+e/4<e.

4.4. THEOREM. If C has property P (relative to X4), then C has the disk
property (relative to ).

Proof. Let TEZ (TEZ4) and €>0 be assigned. Then C\T may be written
as N;\UN,, where N, is a component and N is either a component or null.
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Since T =h(x X E* ') for some hE D (the given k) and some x N,UT is a
k-cell. Choose p1EN; and let B1=d(p1, T). By Lemma 4.3 there is a ;>0
such that if KEB*(T, Bz) and T is a component of KNC, then p(T, T)) <e.
Let B=min (B4, B2) and choose KEP*(T, B).

Now KNC has either a single component T or two components 7T, and
T according as Nj is null or not, and this together with the choice of 8 and
condition 1 of Theorem 4.1 guarantees that KNM;>[] so that KN\M,
=T1EX is but a notational convenience.

If To#[], then T.€XZ. K is then a topological 2-sphere with T; and T; a
pair of disjoint (k—1)-cells on K. K is, then, the image of the unit spherical
surface W under a homeomorphism g which maps V onto T; where V is the
point (1, 0, 0), or the set {(x, ¥, 0)€R3|x2+y2=1 and x=0}, or the set
{(x, 9, 2) ER”|x2+y2+zﬁ=1 and x20}, according as C is a 1-cell, a 2-cell,
or a 3-cell. The set g=!(T) is disjoint from V so for some a>0, {Cl [WNS
(V, ) }N{g(T2)} =0. If X=WNS(V, a), then dX is a simple closed
curve separating g~!(7,) and V=g=1(T;) on W. Then S=g(dX) is a simple
closed curve separating T; and T; on K.

If T is null S may be chosen to be any simple closed curve on K\C. In
either case then, the curve S divides K into two closed disks, one of which
meets C at T} and at no other points. Call this disk D. It will now be shown
that D, T, and e have the six properties of Definition 2.31.

1. D is a topological 2-cell by the Schoenflies theorem.

2. dD=S and SCK\CsodDNC=[].

3. DNC=T€X.

4. DCK so D is locally polyhedral mod C by 3 of Definition 2.21.

5. p(T, DNC)=p(T, T1) <e by choice of 8 and K.

6. Since KNN;=T; and K separates pCExt K from TCInt K on
N\UT, (N\\UT)\T, may be written as the union of C;=N;N\Ext K contain-
ing p and Cy=(N,\UT)N\Int K containing T. Since (Cl N;)N(Cl N,) is null
or T according as N; is null or not, it follows that C; and N, are separate so
that T3/MCl Ny =[] and the two components of C\T; must be C; and C;\UNs.
Thus w>0 can be taken less than &[Ty, No\U(K\D) ] so that NoaN\S(T, w) =[]
and KNS(T1, w) =DNS(Th, w).

It is asserted that there is then an 7 >0 such that if M is a connected set
meeting both C; and C;\UN, with §(M) <%, then MCS(Ty, w). For if this
is not the case for ¢=1, 2, - - - there is a connected set M; with §(M;) <1/s
and a triple of points, p;EM.NC, ¢;EMN(C,\JIN;) and r;EM; with
d(ri, T1)>w. By a standard procedure a subsequence of indices %,
ks, - - - can be chosen such that {$4,}, {gs;} and {r:} all converge, and it is
readily seen that they must all have the same limit point g. As the limit of
{pk,.} CC and {qk‘} CCUN,, ¢ must lie in (Cl C,)NCI1 (C\UN,) = T3, con-
tradicting the fact that as the limit of {rk,. }, d(q, T1) = w. Hence the asserted
n exists, and is the number required to fulfil condition 6. For suppose M is
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connected, (M) <%, and M meets both C; and C.\UN,. Then M CS(T1, w)
so MNN,CS(T1, w)\Ny=[] and M meets both C;CExt K and C.ClInt K.
This requires that M meet K and MNKCKNS(T,, w) =DNS(T;, w).
Thus DED(T, €)=, and C has the disk property (relative to Ts).
5. The interior radii.

5.1. THEOREM. If T, is any compact subset of T and C has property P
relative to To, then for each € >0 there is a v >0 such that for every TEZ, the
inequality supkes*a.o 4(T, K)>v holds.

Proof. Let v(T, ¢) denote the supremum in the statement of the theorem.
If the conclusion is false, then for each integer »n there is a T, in T such that
Y(T., €) <1/n. Since T, is compact, some subsequence {T.,} converges to
T,EZ,, and to simplify the notation it will be assumed that { T} converges
to To. Now B*(T, €/2) is non-null from the hypothesis that C has property
P relative to Ty and Theorem 4.1, so choose KEP*(T, €/2).

For any fixed ¢ there is a pE T; and a ¢E K such that

(5.11) d(p, q) = d(T:, K).

So for any r& T, d(p, q) +d(p, r)=d(q, 7), or

(5.12) d(T;, K) 2 d(g, r) — d(p, r).

Since TyClInt K, d(Ty, K) =2w>0, and d(g, r) =d(T,, K), so 5.12 yields
(5.13) d(T, K) = 20 — d(p, 7).

But 7 was arbitrary in T\, so

d(Ti, K) = 2w — inf d(p, r) = 20 — d(p, To),
r&To
and, since p(T, To) =d(p, To), d(Ti, K) =22w—p(T, T,). But {T.-} converges
to T\ so there is an M, such that for all > My, p(T;, Ty) <w. Combining these
facts,

(5.14) 1> M, implies d(T;, K) = 20 — 0 = w.

Now if x € R3 is such that d(x, T) <w, since d(T, K) =2w, then x&EInt K.
But if > M, p(Ts, To) <w so d(x, Ty) <w for every x in T}, i.e.,

(5.15) 1> M, implies T; C Int K.

Let ¢ be any point of K\JInt K. Since K\JInt KCS(T,, €/2), there is a
point 7 of T such that d(r, g) <e/2. Corresponding to this  there is a p;.& T
such that d(r, p:)=d(r, T:)<p(To, T:). Then d(p;, q) =d(ps r)+d(r, @)
<p(T, T:)+e€/2. But there is an M, such that if > M, then p(T, T:) <e/2.
For such ¢ the above inequality is d(r, p.) <e¢/24€/2=¢. So, given g arbitrary
in K\UInt K and > M, there is a ;& T; such that d(q, p:) <e. The point p;
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depends on ¢, but the M, depends only on the convergence of { T;} to T. So
(5.16) i> M, implies K\UInt K C S(T; ¢).

Suppose now that KNC= U,\J U, where U, and U, are in . Then since
K e P*(Z,, €/2), condition 2 of Theorem 4.1 requires that T, separate U
and U; on C. By Lemma 3.1, if p(T;, T) is less than some fixed 3>0, T also
separates U; and U; on C, so there is an Mj such that this is the case for all
1> M;. If KN C does not have two components take M3;=1. In any case then

1 > M; implies when K M C has two components

(5.17)
they are separated on C by T\.

Now let M =max (M, M., Ms), and suppose > M. Then K satisfies
conditions 1, 3, and 4 of Definition 2.21 for the set B(T;, €) by virtue of being
in P*(T, €/2), since these conditions do not involve the T and €. But 5.15
and 5.16 are valid since ¢ > M, so conditions 2 and 5 of Definition 2.21 are also
satisfied and KE€PB(T, €). Conditions 1 and 2 of Theorem 4.1 are both ful-
filled by K, T, and € by virtue of 5.16 and 5.17. Thus ¢> M implies K& PB*
(T‘l') 6).

But then y(T;, €)=d(T:, K), so from 5.14, ¢> M implies v(T;, €)>w.
Since ¥(T;, €) <1/i by choice, this is a contradiction and the theorem is
established.

5.2. THEOREM. £, is an arc in T for every h in D.

Proof. Define ¢: E'—3I; bv
o(x) = h(x X E¥1) =, T,.

It is obvious that ¢ is 1-1 and onto. Let ;€ E! and w>0 be assigned. Since
k is uniformly continuous, there is a 6 >0 such that whenever |x2—x1| <0,
then d[h(x1, ), h(x2, ¥) ] <w/3 for all y in E¥-1, Let M; be the set {h(x, y)|0
Sx=x:}, and N; be {h(x, y)|x;Sx=1}, i=1, 2. Then p(Ty, T3) =0(Ty, T3)
+o (M, M,)+0o(N:, Ng), and an elementary calculation shows each of the
terms on the right is less than w/3. Thus ¢ is a continuous 1-1 map of a com-
pact space onto a Hausdorff space and must be topological, so T} is an arc.

5.3. CoroLLARY. If C has property P relative to T, and T. denotes the
(B—1)-cell h(x X E*~1), then for each >0 there is a ¥>0 such that for all x in
E! the inequality v(T,, €) > holds.

6. The construction lemmas. Let % be a fixed homeomorphism of E* onto
C and let a be a point of T'\\d7T, where T, denotes A(x X E¥~1), 0 <x <1. Since
a&Cl (R3\C), well known results in the theory of accessibility assure that
there is an arc A’ from a point a; to @ which meets C only at a. If 4” is a
topological ray in R¥\ C with initial point a1, then 4"\UA4"’ contains a topologi-
cal ray 4 which meets C only at its initial point a.
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Similarly a topological ray B meeting C only at its initial point b& T5\0 T
can be chosen, and the two rays 4 and B may be taken disjoint and locally
polyhedral modulo C.

A partial order on the elements of ¥ is now defined by T'< U provided
both the conditions T separates A and U on AAJCUB and U separates T
and B on A\UC\UB are met. This order is extended to the set consisting of all
elements of T and all points of AAUB by U<T and T <YV for every choice
of UEA, VEB, and T an element of T which separates 4 and B on A\JC\UB.
For each T in the set on which this order is defined it will be convenient to
let «4(T) and B(T) denote the components of (4\JC\UB)\T containing an
unbounded subset of 4 and an unbounded subset of B respectively. It is
easily verified that T< U holds if and only if both T\UA(T) CeA(U) and
B(T)DUVUB(V).

It should also be noted that for elements of T the order relation depends
only on the choice of a&ET(\dT, and b€ T:\dT}, and not on the choice of
rays 4, B, from a, b. In the remainder of this section %, 4, and B will be as-
sumed chosen and fixed.

6.1. LEMMA. Let D, K;, T and €>0 be related as follows:

TES and separates A and B on A\JC\UB.

KEB*(T, ¢).

KNC=U\J U, where both U, and U, are in <.

Either Uy<T<U<Usor Uy<U<T< U,, where DNC=UET.
DED(U, w) for every w>0.

(DUK,)N(AUB)=].

. d@D, C)>e.

Then there is a Ky in P*(T, €) with KoN\C either U\\J U or U\J U, according
as T<Uor ULT.

N LN

Proof. Suppose U; < T < U< U,. Then these four sets are pairwise disjoint
and U separates U; and U; on C. Since UEZ, there is a g& 9 such that
U =g(x X E*) for some x with 0 <x <1, for neither g(0 X E¥~!) nor g(1 X E¥-?)
can separate U; and U, Consequently C\U=c4\UB where A4 contains Uy
and T, B contains Us, and <A\U U is a k-cell. An arc E in <4\U U with one end-
point in U, the other in U, and otherwise disjoint from U\JU; can be con-
structed. Since T separates U; and U on C, E meets T so a sub-arc E’ of E
meeting both T and U and not meeting U; can be found. Then T\UUVUE'
is a connected set in the complement of K; so since TCInt K;, U also is in
Int K.

Thus DNInt K;#[], and since K, UlInt KiCS(T, ¢) CS(C, € while
d(@D, C)>e¢, DNExt K;#[] so that KiN\D#[]. Since DNCNK,=UNK,
and UCInt K, DNCNK,=[] so both D and K; are locally polyhedral in
some neighborhood V of DN K; containing no points of C\JdD, and V may be
taken disjoint from A\UB also by condition 6 of the hypothesis. By shifting
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the vertices of D which lie in V a distance so small that no point of D outside
V is moved, D and K, may be brought into relative general position. Then
DNK, will consist of a finite collection of mutually disjoint simple closed
curves s, S2, * * *, Sa.

Each s¢ bounds a unique sub-disk D, of D and a pair of disks X} and Y}
on K;, where Y} contains Ui. An arc ¢ of C can be chosen so that ¢ meets C
only at its two end points a and b. Then 4\Uc\UB is a topological line and
hence a continuous 1-cycle, so the theory of linkages may be applied to
A\UcUB and the curves sx. The arc ¢ may be chosen so that it meets each
of the sets Uy, U, and U, in a single point, so that for any choice of & either
XiNC=U,, ViN\C= U, and DiNC=U or Xi;NC=, ViN\C=U,\JU,, and
DN\ C =[] according as si links A\Jc\UB or not. Thus if any s; fails to link
A\Jc\UB, the corresponding X is a sub-disk of K;\(U,\JU,) and an index j
can be found so that X;N\D =s;. For this j the set (D\D,)\UXj is a disk, and
a neighborhood V of X; can be chosen so that V"N\(4\UCUB) =[] and
VNADNK,CX;. Then (D\D,;)\UX; can be deformed away from X; semi-
linearly so that no point outside V is moved, and the resulting disk D* has
the same boundary and intersection with A\UC\UB as D but has at least one
less component of intersection with K; which fails to link 4A\Uc\UB. This
process can be repeated and after doing so a finite number of times a new disk
D is found such that each s; in DK, links A\Jc\UB.

That DNK;#[] follows from the fact that the new D, like the old,
contains UCInt K; and dD CExt Kj, so there is an index ¢ such that D;N\K;
=si Let K=Y, UD;. Since s; links 4\U\JB, Y\C=U, and D;NC=UT,
so KoMN\C=U,JU and K, is the required set if it can be shown to be in
PB*(T, €). To show this it must first be shown that R:EP(T, ¢), i.e., that K,
T, and e satisfy the five conditions of Definition 2.21.

1. Since DNY:CD:N\K,=s; and dD;=0Y;=s;, K, is a topological 2-
sphere.

2. In order to prove T'CInt K, the fact that C\(U;\J U) has at most three
components is needed. To establish this the following more general statement,
which will be useful later, is to be proved.

6.11. If Vi and V: are disjoint elements of T, then C\(V1\U V) has at most
three components.

For if V1EZ, then Vi=g(vXE*?!) for some gE$ and 0<v=1. Letting
I,= {(x, Y, 2) EE"[Oéx <v} and I, = {(x, Y, 2) EE’°|v<x§1}, it is seen that
C\ V1 is the union of M,=g(IyX E¥1) and M,=g(I, X E*1). Further, M/JV,
and MUV, are both k-cells if v is neither 0 nor 1, and since the adjustment
needed in the following arguments when ¥=0 or v =1 are easily supplied, the
assumption 0 <v <1 is made. Since M, and M, are topologically the same it is
also assumed without loss of generality that Vo,CM;. Then C\(Vi\UV3)
=(C\V1)\Va=M,J(M;\V,) and if this set has more than three components
M\ V; must have more than two, i.e., M;\ V= N;\UNAJN; where M,, Ny, Ns,
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and N; are pairwise disjoint non-null sets and each N; is a union of compon-
ents of M\ V,. But since V, is in &, C\ V: has at most two components so at
least two of the sets N;, say N; and N,, have closures that meet M,\U V.
Since Cl N;CCl M;=M,JV,, this requires that neither Vy\Cl N; nor
ViNCl N; be null. But M;\UV; is a k-cell and ViM\Vy,=[], so there is a set
M{ which is topologically the product of E¥~! and an open interval which con-
tains all points of M; in some neighborhood of V. Thus N, and N; both meet
a connected subset of M;\V:, contradicting the choice of N; and N,. This
proves 6.11.

Applying 6.11 to the present situation yields that C\(U,\JU) has com-
ponents M\UNUR and that the two components of C\U are 4 = M\U U;UN
and B=R, where, it will be recalled, <4 is the component of C\U containing
U, and T while U,C®8B. Since Ky"\C=U,JU, and K, separates TCInt K,
from ANC=a in R3, it follows that the assumption that M\UA CExt K, and
TCNCInt K, is but a notational convenience. Since N is connected and does
not meet Ks, if TCExt K; then NCExt K,. Since M\UA4 is an unbounded
subset of the complement of K;, M\UA CExt K, also. But Ext K, is locally
connected and since M and N have common limit points (in U,), there are
arbitrarily small connected sets in the complement of K, meeting both M
and N. If these sets are sufficiently small they must lie in a neighborhood of
U, containing no point of D and hence do not meet K;\K,CD. This requires
that they not meet K; and affords a contradiction since M CExt K, and
NC_'Int Kl.

3. Since both K; and D are locally polyhedral mod C, K,CK,\JD must
be also.

4. By construction KxN\C=U,\JU and both U, and U are in .

5. If p is any point of Ext K;, then there is a topological ray J from p in
Ext K; and JNX;CJNK;=[]. But the disk D; is in K;UInt K; so JND;
=[] also. Hence JN\K,=JN\(X\JD,) =] so J is an unbounded subset of
the complement of K, which requires that J, and a fortiori p, be in Ext Ko.
This proves Ext K;CExt K; so that by complementation in R? K,\UInt K,
CK]UIﬂt KICS(T, 6).

Thus K, is in B(T, €) and by the proof of 5, K, satisfies condition 1 of
Theorem 4.1 also. That the second condition of that theorem is satisfied fol-
lows immediately from the hypothesis U3 <T < U. Thus K:&B*(T, ¢).

This completes the proof of the lemma for the case U1 <T < U< U,, and
the only other possible case, U1 < U< T < U, can be made to depend on the
first case in the following way. Consider the effect upon the order relation and
the hypotheses and conclusion of the lemma if the names 4 and B are inter-
changed and * =hr is used instead of &, where 7 is the homeomorphism of E*
onto itself defined by 7(x1, %z, - + -, xx) =(1—xy, %3, - + -, xx). Evidently the
new 4 and B are as required since T, and T} are interchanged, and since the
order relation is reversed as well as the sets U; and U,, the second case is
reduced to the first.
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6.2. DEFINITION. For every TE T, and €>0 let Q(T, €) denote the collection
of all KC R? such that

1. K is a topological 2-sphere.

2. TCInt K.

3. K is locally polyhedral modulo C.

4. KN[A\UCUB]=L\UR where each of the sets L and R is either an element
of T or a point of (A\IB)\C.

5. LKT<R.

6. KCS(C, e).

It should be noted that Q(T, €) depends on k, 4, and B. This dependence
is not indicated in the notation since in the applications &, 4, and B will be
chosen and fixed.

6.3. LEMMA. Let 0=x1<x2=1, T,,=h(x;XE}!), K, €Q(T.,, € and
K.N(AUCUB)=L\JR;, i=1, 2, be such that Ly <L;< R, < R,. Then there
is @ K3 in Q(Ts,, €) with KyaN(AJCUB) =L,\UR; and (A\JCUB)N\Int K,
=(AUCUB)N[(Int K;)\U(Int K3)].

Proof. As before the adjustments needed for the cases where some or all
of the sets Ly, Ry, L;, R, are points of (A\UB)\C are easily made, so only the
case where all are elements of T will be considered. As a preliminary step the
following statement is to be proved.

6.31. If KEQ(T, €) then (A JCUB)NInt K =B(L)\UA(R).

Since LKT<R, L separates CNA=a and T on C, R separates T and
b=BMNC, and each separates @ and b on C, so the three components of
C\(L\UR) as guaranteed by 6.11 must be C4, Cs, and Cr; that is, the one con-
taining @, the one containing b, and the one containing T respectively. Thus
AVJCUIB=AJC,JIL\JCr\JR\UCp\UB and since A\UC, and Cg\UB are un-
bounded connected sets in the complement of K, they lie in Ext K. Hence
(AUCUB)NInt KCCr and, since Cr is connected, does not meet K, and
contains T’CInt K, the reverse inclusion also holds so

Cr=(4UCU B) N Int K.

Now the two components <4(L) and B(L) of (A\UCUB)\L are then
AUC4 and C/\UVRUCp\UB, and since L<T implies TCB(L) it follows that
A(L)=AJC4 and B(L)=Cr\JRUCp\UB. Similarly from T<R it is seen
that A(R)=4 UC,JLUCr while B(R)=Cp\UB. Thus A(R)YNB(L)
=(AUCLILUCr)N(Cr\IRUC\UB) = Cr which proves 6.31.

To proceed with the proof of Lemma 6.3, it is noted that since L; <Ly <R,
then L; is in both B(L;) and 4(R,) so, by 6.31, L, is in Int K; and K,NInt K,
#[]. But Ri<R; so R:CB(Ry) and, by 6.31, B(R,) is in Ext K;. Thus K,
meets Ext K, as well as Int K; and KoMK, [] follows. Since KaNK,NC
= (L:\IR)MN(L,\JRy) =[] there is a neighborhood V of K;NK; containing
no points of A\UCUB and both K, and K, are locally polyhedral at each
point of V. By shifting the vertices of K; lying in V a distance so small that
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no point outside V is moved, K; and K, may be brought into relative general
position so that KiNK; is a finite collection of mutually disjoint simple
closed curves sy, s2, * * -, .. Each s; bounds a pair of sub-disks X;; and V;
of K; where X;; contains L;, 1=1, 2.

Let an arc ¢ be chosen in C so that it has only its end points a=AMNC and
b=CNB in common with dC and meets each of the sets L;, L, Ry, and R,
in a single point. Now suppose s links A\Uc\UB. Then none of the four disks
X1k, Xok, Y, Yo bounded by s, can lie in the complement of 4\Uc\UB so
XaDL;and Y3DR;, 1=1, 2. If on the other hand s; does not link 4\Uc\UB
then each of the sets XuMN(4A\Jc\UB) and YN (A\JUc\UB) must consist of
two points or no points for each choice of 4, and since L;C X it follows that
R;CXy also and YaN(AUc\JUB) =[], 1=1, 2. No other possibilities exist,
since si either does or does not link 4A\Uc\UB, so for any k either R;C Vi for
both ¢=1 and =2, or Yy and Yy are both disjoint from A\JC\UB.

If there is any index & such that Y3, is disjoint from A\JUC\UB, then there
is evidently one such index j such that ¥V;\K,=s;. Then Z=Y¥;\UY5; is a
_topological 2-sphere for V;N\Yy;= Y1;/MKs=s; and s;=08 V1;=0 V»;. Further,
Z is polyhedral since both Vi; and V,; are subsets of spheres which are locally
polyhedral mod C and neither Yi; nor Y»; meets A\JC\UB. Beispeil III,
§3, [5] can be invoked here to produce a semi-linear map of R® onto itself
throwing ¥3; onto Y,; and leaving A\JC\UB fixed, but the question of how
the interiors of K;, K,, and the interiors of their images under this map are
related would then arise. To avoid this difficulty an isotopy on R? achieving
the above result is to be constructed.

There is a semi-linear homeomorphism f of R? onto itself throwing Z onto
the surface of the unit cube E in R? and evidently it may be supposed that if
E* and E— denote the portions of the surface of E on and above and on and
below the xy-plane respectively, then f(Yy;) =E+ and f(Y,;) =E~.

An isotopy g; (0=t=<1) of R? onto itself which throws E— onto E+ and
moves no point outside S(E, §) with 6 arbitrarily small can be defined with no
difficulty, and there is no loss in taking g, semilinear. Then any point of
f(A\UC\UB) which is interior (exterior) to f(K,) at the stage t=0 remains
interior (exterior) to g,f(K,) for each ¢, so that f~1g;f(K>) has all the properties
required of the original K,. The § may be taken so small that no point of
f(K3) lies interior to S(E, §) except f(Y,;) and an arbitrarily small neighbor-
hood of f(¥3;) relative to f(K2), and the isotopy may be defined so as to move
no point of f(K,) except f(Vz;).

Consequently f~1g:f(Ks) is (K3\ Y2;)\J V1; and this sphere may be deformed
semi-linearly away from K, in a neighborhood of Y3; so small that no point
of AAUC\UB is moved. The resulting sphere is a new K, which has all the
properties required of the old and which has at least one less intersection si
with K; which does not link A\Jc\UB.

Thus after a finite number of repetitions a new K, is obtained such that
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every component of its intersection with K; links A\Uc\UB. Then each re-
maining Xy contains L, and not R, and an index p is found such that
lesz'—‘S,,. Let K3=X1,,U sz, and note that K,J\(AUCUB) = [Xh’
N(AUCUB) ]U[ V2, (A\UCUB) | = L,\UR,. Thus in view of 6.31, K3 is the
desired sphere provided it can be shown to satisfy the six conditions of Defini-
tion 6.2 for being an element of Q(7T%,, ¢).

1. Since X1,N\ Y3, =5,=0X1,=0Y,,, K; is a topological 2-sphere.

2. The proof that T,,CInt Kj; is essentially a repetition of the argument
given to show T'Clnt K, in the proof of Lemma 6.1 and hence need only
be outlined here. From K,EQ(T,,, €) and Li<L;<R; <R, it is seen that
eA(T.,)\L: has two components, <4(L,) in Ext K; and N containing T,.
If T.,CExt K;, then NCExt K; and connected subsets of Ext K; meeting
both N and <4(L,) with arbitrarily small diameters exist, for (C1 N)N\ClA(L,)
=L;#[]. But if the diameters of such sets are sufficiently small they are seen
to lie in a neighborhood of L, in which K; and K are identical, and hence lie
in the complement of K;. This contradicts T, CInt K;, which cannot be false
for K,EQ(Ts,, €).

3. K3CK\\JK; and hence is locally polyhedral modulo C for both K; and
K, are.

4. KsN(AJCUB)=L,\UR,, and these are as required since they are
components of intersection of A\UCUB and K, and K respectively.

5. That L, <T., <R, holds was shown above.

6. K;CK,\\JK,CS(C, €) as required.

This completes the proof.
7. The enclosure property.

7.1. THEOREM. If there is an h& D such that C has property P relative to Tj,
and the uniform disk property relative to Th, then C has the enclosure property.

Proof. Let ¢>0 be assigned. Let A’ and B’ be a pair of topological rays
with initial points a=A’NC in T(\dTy and b=B’NC in T)\07T) respectively.
That such a pair of rays which are mutually disjoint and locally polyhedral
mod C exist was shown in the preceeding section. Let w; denote min [e,
d(To, T1)/2, (T, B’), d(T1, A")] and choose K, in P*(T, w) and K; in
P*(T1, w1). Let A” be the sub-arc of 4’ which is minimal with respect to
containing K¢N\A’. By the choice of w; and the fact that TwCaC, KoN\C
=Ro&ET and K,\C is an open disk so there is an arc 4’ in K,\C with the
same end points as A”’. The arc 4”"" may be taken polyhedral and by further
subdividing it and shifting all of its vertices except one end point into Ext K,
a sufficiently small distance so as to introduce no new points of intersection
with BUCUK, the ray (4’\A"")\UA’" is deformed into a ray 4 such that
ANK,=[], ANK,=L,, a point, and ANC=a, the initial point of 4. A ray
B is constructed from B’ in a similar manner so that BN\K,=[], BNK;=R:,
a point, and BN C=b, the initial point of B.
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Now K, and K, are seen to be in (T, wi) and Q(T, w;) respectively, for
all of the six conditions of 6.2 are satisfied by virtue of the fact that K; is in
PB*(T:, w1), 1=0, 1, except condition 4: K;N(A\JCUB)=L)\JR; where each
of the sets L; and R; is either an element of T or a point of (4\UB)\C. But
KN(AUCUB) =(KNANJ(KNC)\J(Ko\B) =L\ JR\J[] where Lo is a
point of 4 and Ry is in & by construction. Similarly KyN\(AUCUB)=[UL,
UR; where L, is in & and R, is a point of B.

Since TyC (Int Ko¢)N\(Ext K;) and T:C(Int K;) N\ (Ext K,) it is seen that
two real numbers p, ¢ with 0 <p <1/2 <g<1 can be chosen so that 7,CInt K,
for 0=x<p and T,ClInt K, for gSx=<1. Let such a p and ¢ be chosen and
let M denote U,<.<,T.. The plan of proof will be first to show there is a K,
in Q(T,, €) such that M ClInt K,, and then to apply Lemma 6.3 twice, first
to Ko and K, and then to the resulting sphere and K, to obtain the desired
sphere. In order to construct K, some preliminary steps are necessary.

If ¥, denotes the subset of T, consisting of all T, in $; with p Sx =g,
<. is evidently a sub-arc of ¥, and hence is compact. If we let w, denote
Min [w1, d(M, T)\JT1\UA\UB) ] and w; >0 be the number corresponding to ws
guaranteed by the hypothesis that C has the uniform disk property relative
to Tx; that is let w3 be such that if T,&EZT, and >0 there is a D in D(T, 7)
with d(dD, C)>w; and DCS(T,, ws2). Now, since T, is compact and C has
property @ relative to T, (and hence relative to $.,), there is a v >0 such that
for every T.€ZTn, i.e., every p Sx <q, SUPKEP Ty, (T2, K) >2v. Evidently
then there is a K, in $*(T,, ws) such that T,CInt K, for all ¥ such that
o(T., T,) <v. Since k is a homeomorphism, it is easily seen that there is an
a >0 corresponding to v such that whenever [x—y| <a then p(T,, T,) <.
Without loss of generality it may be supposed that p —a>0 and ¢+a<1.

Let xi=p—a, xi=p, x3=p+a, -+, x=p+0@—2ea, -+, xjin
=p+(j—1)a, where j is chosen so that x;<¢=x;n. For 1=2, 3, -- -, j,
choose R/ in P*(T;;, ws) such that T,CInt K; for all y with x; 1 <y=<x..
This is possible for if x;_1 <y <« then lx;—yl <o and p(T,,, Ty) <~.

It will now be shown that from K/ a sphere K; in P*(7.,, ws) can be
formed with the property that K;\C=L\JR; with p(L;, T.,_)) and p(R;,
T...,) both arbitrarily small, =2, 3, - - -, j. To see this let B> 0 be assigned.
For eachz=1, - - -, j+1 choose D;ED(T;;, B) such that d(dD;, C)>w; and
D;CS(T.,, ws). Then Dy, K!, T,,, and w; satisfy the seven hypotheses of
Lemma 6.1, as follows.

1. T,,is in T and separates AN C and BNC on A\JC\UB since each ele-
ment of T has these properties.

2. K! €B*(T,,, ws) by choice.

3. Since (K{\Ulnt K!)CS(T:,, ws3) and w3 <d(T,,, A\UB), both 4 and B
are separated from T, by K!NC on A\JC\UB. Hence CN\K/! has two com-
ponents and consists of a pair of elements L{ and R/ of &.

4. From the above, if the notation is properly chosen, L/ separates 4
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and T, while R} separates T, and B on A\UC\UB. By 2 of Theorem 4.1 and
Definition 4.2, T, separates L{ and R!{ on AAVCUB, so L! <T,,;<R/!. Since
T,CInt K! for all y with |x;—y| <a and since xi,4+a=x;=xi1—0,
L! <T;,_,<T.;;<T.;,,<R!. Letting U; denote D;NC, ¢=0, 1, - - -, j+1,
and noting that p(U;, T3,) <B, it is seen from Lemma 3.1 that if a sufficiently
small number is used in place of 8 then L! < U; 1< T, < U <R!.

S. Since Ui =D:aNC, then p(Uip, CND;yy) <w for every w>0 so Dyyy
satisfies condition 5 of Definition 2.31 for being in D(U;44, w) for every w>0.
That D, also satisfies all the other conditions of 2.31 follows from the fact
that D;1 was chosen in D(T%; ., B).

6. Since Di+lCS(Tz.~+1y wz) and K,'ESB*(T;‘, w;;), then D.‘+1UK,’CS(M, wz)
for D;./NC, Ts,,,, and T3, are all in M and w:>ws. But we<d(M, AUB) so
(DH_IUK,)K\(AUB) = D.

7. By choice of D;y1, d(0D;y1, C) > ws.

Thus Lemma 6.1 applies so there is a K{’' in P*(T;;, ws) with K/!NC
=L!\UU;. In the same way it is verified that D;,, K{’, T,,, and w; also
satisfy the hypothesis of Lemma 6.1 with L! < U,;,<T,,< Uy, so there is
a K;in P*(T,,, ws) with KNC=U,1\JU;1,1=2,3, - - -, .

Next it must be shown that K; is in Q(T%;, ws), =2, - - -, j. The first
three conditions of Definition 6.2 are satisfied by K;, T,, and w; by virtue of
K. e P*(T;,, ws), while conditions 4 and 5 follow from the construction. Con-
dition 6 also holds, since S(C, w3) DS(T%,, ws) DK..

Now Lemma 6.3 is to be applied to K; and Kj. Since 0 <x;<x3=x:+a <1,
and since each K; has been shown to be in Q(7T%;, w;), Lemma 6.3 applies
provided U1 < U;< U< Us. But U;=DyN\C and p(T,,, U;)<B, so if B was
taken sufficiently small then U;<U;< - - - <Ujy follows from T,,<T,,
< :++<T:, and Lemma 3.1. Thus there is a Ky in Q(T%,, w;) with
KxN\C=U,JU; and (AUCUB)NInt Ky=[AUCUB]N[(Int K,)U(Int
K3)]. This process is repeated with Ky and K, to obtain K, with Ky and
Kj; to obtain Ky, and so on until a sphere Kz; in (7%, w;) is obtained with
K:yN\C=U,\JUj;41 and (AUCUB)NInt Kyj=(AUJCUB)N[(Int K)U - - -
U(Int K;) |. Every point of M lies in a T, for some x with p =x=q and hence
with x; Sx <x; so MClInt Ky;.

Thus three spheres have been obtained, first Ko in Q(Ty, i) with
KN\ (A\UCUB) =L JR, where L, is a point of 4 and R, separates T, and
T, on AAJCUB, second K,; in Q(T%,, ws) with Ky N(A\UCUB) = U,\JUjn
where U, separates Ty and T, (=T%,) on (A\JCUB) and Uj,, separates T,
(for ¢=xj11) and T) on (A\UCUB), and third K; in Q(T}, ) with K,
N(AJCUB) =L,\UR, where L, separates T, and T, on (A\UCUB) and R,
is a point of B. Hence Ly< U1 <Ro< Ujy1 and Ly<L;<U;;1<R; so, since
0<p<1, Lemma 6.3 can be applied, first to K, and K,; to obtain a K’ in
Q(To, w1) with K'M(A\JCUB) = Ly\U U;41, and then to K’ and K to obtain
a K in Q(Ty, w1) with KN(A\UCUB) =L,\UR,.
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Then (A\JCUB)NInt K is the union of those portions of (4\UC\UB)
which were in the interior of any one of the three spheres Ky, K;, and K;. But
any point of C lies in T, for some x, and hence is interior to Ko, K3j, or K;
according as 0=x=<p, p=x=q, or ¢g=x=1. Thus CCInt K. Also, since
KeQ(To, wn), KCS(C, w1)) CS(C, €). That K is polyhedral follows from the
fact thatitislocally polyhedral modulo Cand does not meet C. This completes
the proof, but a fact that will prove useful later should be noted here; i.e.,
the sphere K meets each of the rays 4, B in a single point.

8. The strong enclosure property. For the standard cell E* and a given
€>0 it is evident that not only is there a polyhedral 2-sphere M in S(EF, €)
with E¥CInt M, but the sphere M may be taken to be the boundary of a
convex 3-cell so that a straight ray meeting E* only at its initial point meets
M in a single point. Consequently any tame cell will have the following prop-
erty.

8.1. DEFINITION. A cell C is said to have the strong enclosure property
provided to each hE D there corresponds a pair of disjoint topological rays A, B
and a sequence of polyhedral 2-spheres { M. .~} which meet the following conditions:

1. A(B) meets C only at its initial point a ET\OTo(bE T\ Th).

2. A\UB is locally polyhedral modulo C.

3. M;CS(C, 1/1) and CClInt M;,i=1,2, - - - .

4. M, meets each of the rays A, B in a single point,1=1,2, - - - .

Whether or not a cell with the enclosure property can fail to have the
strong enclosure property is an unanswered question, although it has already
been shown that the sets 4, B, and { M .-} can be chosen satisfying all condi-
tions except possibly condition 4 whenever C has the enclosure property.

8.2. THEOREM. If C is a cell with property P, then a necessary and sufficient
condition that C have the strong enclosure property is that C have the uniform
disk property.

Proof of sufficiency. Let # € be assigned and choose rays 4, Bosatisfying
all the conditions of Definition 8.1 except possibly condition 4. Let €; be a
null sequence of positive numbers, and for each integer ¢ let Ty; be a (¢—1)-
cell such that (1) T4\dTo; contains a =A,MN\C, (2) To;C T, and (3) T0:CS(a,
€;). Also for each 7 let Ti; be a (k—1)-cell with similar relationships with
b=BoN\C and Ti. Then for each 7 a homeomorphism #;E$ can be chosen
so that k(0 X E*1) =Ty; and k(1 XE*¥*) =T, (In case C is a 1-cell each k;
may be taken to be & itself, for then Ty;=T¢ and T1;=7T1.)

Now for each successive 7 the cell C has property P relative to ¥, and the
uniform disk property relative to Tj,, so the construction of Theorem 7.1
with €; used as the € can be carried out. It is recalled that in this construction
the original rays (call them 4;_; and B;_;) were replaced by a new pair (call
them A4; and B,) which had the property that A,\4:; (B:\Bi-1) was an arc
obtained by deforming a sub-arc of a sphere K, in S(To;, €:) [K1in S(T1s, €) ]
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an arbitrarily small distance, so that A\A; 1CS(To, €;) and B\B;.
CS(Ti, €;) may be assumed. The result of this construction was a polyhedral
sphere (say M;) in S(C, €;) with CClInt M; which met each of the rays 4;, B;
in a single point. Evidently the sequence €; can be chosen so that M;CS(C,
1/4) and also sufficiently small that any sequence {ag} with a;EA\A ;. must
have limit a. To see the latter it is only necessary to note that if ¢;€EA\4 1
then a;ES(Ty;, €;) so there is an a¥ in T; such that d(a;, a)=d(a;, a¥)
+d(ad, a)<e;+d(a¥ a). But d(a¥, a)<e;, for Ty ;CS(a, €) by choice, so
d(ai, a) < 2e;. Similarly any sequence {b;} with ;€ B,\B;_1 may be supposed
to have limit b.

At the 7th stage of this iterative construction 4; (B;) is formed by replac-
ing asub-arc A* (B¥) of A; 1 (B;1) byanarc A¥*=A\A;, (B¥=B\B:.).
Let A=[4,\UA*]UUA4#* and B=[B\UB#*]\UUB*. If the sequence {e:}
is properly chosen, then 4 and A; are identical on a sub-ray of 4 which in-
cludes all points of 4 that are separated from a by 4**, so that 4A\a is topo-
logically a ray with the initial point deleted. This implies that 4 is a ray with
initial point @ provided 4 =Cl (4\a), and this equality follows from the fact
that lim a;=a for every sequence {ag} with a;E A ¥, Similarly B is a ray.

Thus the sufficiency is established provided 4, B, and the chosen sequence
{ M} satisfy condition 4 of Definition 8.1. But M;N\A4 is the same as M;NA4;
provided 4 and A; are the same exterior to a neighborhood of a which lies in
Int M;, and this can be guaranteed by choosing €1 sufficiently small.

Proof of necessity. Let &9 and w>0 be assigned. In order to show that
C has the uniform disk property it is necessary to exhibit a § >0 such that for
every TESZ), and €>0 thereis a D in O(T, €) with d(dD, C) > and DCS(T,
w). First the following statement must be established.

8.21. There is a >0 such that if U and T are any pair of elements of
T with UCS(T, B), then p(T, U)<w/2.

If 8.21 is denied, then for each integer ¢ there is a pair U;, T of elements
of T with U;CS(T, 1/7) and p(T, U;)=w/2. Since Ty is an arc under the
metric p, it may be assumed that {7:} and { U}, considered as elements of
T, converge to TET, and UET, respectively. Since p is a metric, p(T, U)
Zw/2, and since T3 is an arc, T and U must be distinct elements of 5 and
hence disjoint sets in R%. Then a=d(T, U) is positive, and by definition of p,
the inclusions T;CS(T, e/4) and U;CS(U, a/4) must hold for all 7 greater
than some fixed N. But if 1/2<a/4 and ¢> N, then U;CS(T;, e/4) and hence
U:CS(T, a/2), contradicting U;CS(U, a/4) since these two sets are disjoint.
From 8.21 the following will be derived.

8.22. There is an >0 such that if U and T are any pair of elements of
Tn and KEP*(T, 9), then UCInt K implies KEP*(U, w).

It is evident that no matter what >0 is chosen K must satisfy all of the
requirements of Definition 2.21 for being in B(U, w) except possibly KCS
(U, w), and that U must separate the components of KN C whenever there
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are two, since T does so and both U and T are in ;. Hence 8.22 follows if
7n can be chosen so that (K\UInt K) CS(U, w) whenever (K\UInt K) CS(T, 7).
Let p=min (w/2, 8), where 8 is the number required by 8.21, and suppose
pE(K\UInt K)CS(T, n). Then d(p, U)=d(p, q) +d(q, U) for any point q of
T, so d(p, U) En+supeer dlg, U)Sw/24+p(T, U)2w/24+w/2=w, and 8.22
follows.

Now since C has the strong enclosure property, two rays 4’ and B’ and a
sequence { M .-} of polyhedral spheres satisfying. Definition 8.1 can be chosen.
Let a=min [7, d(T,, T1)/2, d(T,, B’), d(A’, T1)] and choose K, in B*(T, )
and K, in B*(T}, @), where the index p will be explained below. The rays 4’
and B’ are used in the now familiar way to form rays 4 and B such that
ANK,is apoint, ANK,=], BNK,=[], and BNK, is a point. Since 4 and
B are identical with A’ and B’ in some neighborhood of C, it may be supposed
that 4, B, and { M.} satisfy Definition 8.1, for deleting a finite number of the
M ; would make this true.

For each UEZ, except Ty and Ty, a(U) =min [n, d(U, A\UB)] is positive,
and K(U)EP*(U, a[U]) can be chosen. Let M(U) denote the set of all
T €3, such that TClInt K(U), and take Ko=K(T,) and K,=K(T:). Then
the collection of all M(U) is an open covering of the arc T; and corresponding
to the finite sub-covering which must exist is the collection K,, Ky, - + -, K,.
[Ko and K, must be present, since T, and T lie in no M(U) except M(T)
and M(T)) respectively, by the choice of a(U).] This collection and the arcs
A and B are seen to have the following properties.

1. 4, B, and { M;} satisfy Definition 8.1.

2. ANK;=[Jor Ly, a point, according as >0 or =0, and BNK ;=[] or
R,, a point, according as 1<p or 1=p».

3. Kopr= D and K,m(ToUTl) = D fOI‘ all 4.

4. For each T in &, there is an index ¢ such that TClInt K;, and hence
K;,UlInt K;CS(T, w) by the choice of 7.

Now for each =0, 1, - - -, p the set K;N\(A\UC\UB) is the union of two
components L; and R;, and each L;, R; is in T except that L, is a point of 4
and R, is a point of B. A collection a9, 71, + - -, 0, of polyhedral simple closed
curves can therefore be chosen so that o, separates L; and R; on K;, 1=0, 1,

-« +, p. It will be shown that §=d(C, ao\J - - - Ug,) is the number cor-
responding to the assigned w required for the uniform disk property relative
to .

For let T€T, and €>0 be assigned. Then an index j can be chosen so
that TClInt K;. Corresponding to e there is an >0 such that if D is in
D(T, &) then D is also in D(T, €) and DNCCInt K;. It may be assumed that
D(ClInt K;, for some sub-disk of the original D is in D(7, €) and has this
property. From the sequence { M:} choose a sphere M which separates C from
0D\Ug\JU + - - Uo, and meets 4 and B in the points a and b respectively. Then
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M and D may be taken in relative general position so that M/MN\D (which is
non-null) is the union of a finite collection of mutually disjoint simple closed
curves sy, * * *, S,. Each s; bounds a disk D; on D and a pair of disks X; and
Y; on M, where X; contains the point a=MMA. If there is an ¢ for which
DN\ C=[], then the theory of linkages may be used as before to show that
YiN(AUCUB) =[], and M may be replaced by the result of deforming
(M\Y,)\UD; semi-linearly away from D so as to reduce the number of indices
¢ for which DyN\C=[]. The fact that (D;\JY;)N(A\JCUB) =[] is used to
guarantee that the new M retains the property CClInt M. After a finite
number of repetitions, each remaining D; contains D\C, so that they are
simply ordered by set inclusion and D can be replaced by D, the minimal
remaining D;. Then D:€Y(T, €¢), D:ClInt K;, and DyN\M =s,=0D;.

Now M and K are taken in relative general position and application of the
theory of linkages yields the result that any simple closed curves on K;N\M
which bound a sub-disk of K;\(A\UCUB) also bound a sub-disk of
M\(AUCUB). A new M is formed for which the number of such curves of
intersection with Kj is less than before. It must be noted that dD; is a subset
of the new M and that o; does not meet it. Repetition removes all such com-
ponents of MMK; so that MM K; becomes the union of a finite collection of
mutually disjoint simple closed curves s{, s4, - -+, sk, each of which sepa-
rates ¢ and b on M as well as L; and R; on K. Then dD,=s, is interior to K;
and lies on M, so that s;MN\s! =[] for every choice of 7 and the curves have
a natural order s{, s7, - - -, 57, $1, Sg41, * * * , S induced by set inclusion of
the sub-disks of M\b which they bound. By the choice of this order s/ and
51 together separate M into three components, an open disk containing a,
an open disk containing b, and an open annular ring R such that RN\K;=[]
and Cl R=RUs{ Us,. Since siClnt Kj, Cl R is contained in K;\UInt K;.
Similarly s{ and ¢;j bound an annular ring R* on K;. Evidently D*=D,\UR
UR* is a disk which is contained in K;\UInt K; and hence in S(T, w) and
0D* =0, so that d(C, D*)>é. Thus D* is the required disk provided it can be
shown to be in D(T, ¢).

To show this it must be verified that D*, T, and e satisfy the six conditions
of Definition 2.31. Condition 1 is fulfilled by construction and condition 2
follows from the fact that dD* =¢; was chosen to separate L; and Rj, the com-
ponents of K;MN\C, on K;. Since D*N\C=D,N\C=DNC, condition 3 is ful-
filled. Since D*C(D\JUMUK;) and all three of these sets are locally poly-
hedral modulo C, so must D* be. This is condition 4, and condition 5 follows
from D¥*M\C=DNC and DEY(T, ¢). Since there is some neighborhood U of
D*MC such that UND*=UND, condition 6 for D* follows also from
D&D(T, €). This completes the proof.

8.3. THEOREM. If C has the strong enclosure property and the disk property,
then C has property P.
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Proof. Let TEX and €>0 be assigned. Only the case TMdC=4aT will be
considered since the adjustments to the following argument needed when
TNIC=T are easily made. Therefore there is an &€ 9 and a number p with
0<p<1 such that T=h(p XE*1). For any pair of numbers m, n with
0<m<p<n<l, a triple of 1-cells I,={xCE|0<x<m}, L,={xCE!|n
éx_s_l}, and I,= {xEE‘Iméxén} is defined. This in turn determines a
triple of sub-cells of C of dimension k, C;=h(I; X E*?), 1=0, 1, and 2. Evi-
dently TwCCo, T:CCy, and TCC,, and if p—m and n—p are taken suffi-
ciently small, CaCS(T, ¢/2). Now choose another pair of numbers r, s so that
m <r<p <s<mn, and note that T, separates Cy and T on C while T, separates
T and Cyon C.

Since C has the disk property a pair of disks D,&®D(T,, 8) and D,ED(T, B)
may be chosen, and by Lemma 3.1 if 8 is taken sufficiently small then
D, (D,) separates T and T, (T,) on C. This requires that D, (D,) separate T
and C, (C1) on C. Also R=D,NC and S=D,NC are a pair of elements of T
which lie in C; and hence it may be supposed that D,\UD, is in S(T, €), since
this can be assured by taking sub-disks of the original ones.

A pair of rays 4, B, and a sequence of spheres { M ;} satisfying Definition
8.1 are now chosen, and again taking sub-disks of D, and D, as new disks D,,
D, the relation (D,\JUD,)MN(A\UB) =[] can be made to hold. Now let & be
min [e/2, d(C, dD,\J3D,)] and choose a polyhedral 2-sphere M from the se-
quence {M;} so that M is in S(C, 8), CCInt M, and M meets 4 and B in a
single point each. Taking M and D,\UD, in relative general position, using
the theory of linkages, and replacing sub-disks of M\(4\UB) by sub-disks of
(D,JID,)\C, a new M is formed such that each component of MN(D,\UD,)
is a simple closed curve separating a=MMNA and b=MNB on M. Since R
separates @ and S on C, if the § above was chosen sufficiently small then D,
separates ¢ and D, on S(C, 8) and hence on M. But this requires that some
component s; of D,MN\M separate ¢ and D,/ \M on M and hence a simple closed
curve s; of D,MNM can be found such that if X; is the sub-disk of M\D,
bounded by s; then X;N\D,=s;. Let M¢* denote the 2-sphere which is the
union of X; and the sub-disk of D, bounded by s;. That CoCInt M¢* is readily
established, for CoCExt M, leads to a contradiction. Similarly a 2-sphere
M¥ with C;CInt M, is formed from M and D,.

Now let >0 be chosen less than ¢/2 and so that S(Co, ) ClInt Mg,
S(Ci, 7)ClInt M¥, and S(C, YN (MHIM¥)=S(C, n)N(D,\JID,). Choose
from the sequence { M;} a 2-sphere N with NCS(C, ) such that CCInt N
and N meets each of the sets 4 and B in a single point. As before, it may be
assumed that each component of NN\(D,\UD,) = NN\(MH#JM*) is a simple
closed curve separating N/MA and NNB on N. These simple closed curves
s1, S2, * * * , S» bound sub-disks X, X,, - - -, X, of N\B and since the s; are
disjoint and each X contains NNA4, it may be assumed that X;CX,C - - -
C X Some of the s; are on D, and some are on D,, so an index j can be found
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such that s; lies on one of these two sets (say on D,) while s;,1 lies on the other.
The pair s;, sj;1 bound an annular ring R; on N and s; bounds a disk D,; on
D, while s;;; bounds a disk D,; on D,. Let K=D,\JR;UD,;. That KX is a topo-
logical 2-sphere which is locally polyhedral modulo C follows from the con-
struction, as does the fact that KNC=R\US where both R and S are in T.
Thus & is in P(T, €) provided TClInt K and KCS(T, ¢).

To see that the latter holds, it is noted first that D,;\JD,; CD,\JD,CS(T,
€/2), so KCS(T, ¢) if R;CS(T, €). Suppose there is a point p of R; such that
d(p, T)=e. Since R;CNCS(C, n) and 5 <e/2, there is a point g of C such that
d(p, q) <e€/2. That ¢EC; cannot be, for then d(p, T) <d(p, q)+d(q, T)<e,
s0 ¢&C; for 1=0 or 1=1. But S(C;, n) Clnt M¥* so this requires pEInt M*
for one choice of 7, say 4=0. The choice of M¢* and M* is seen to assure that
M#CExt M#* and M*CExt M, and since RN\(MFIM¥*) =5;Us;11=0R;,
R\(s; Usjp) lies in (Ext M*)N(Ext M{*). Hence R;N\Int M&*=[] and
pEInt M¢* is a contradiction, proving that KCS(T, e).

It follows from the arguments above that Int K and Int M* are disjoint
for =0 and 1=1. Hence the components CJ and C{ of C\K determined by
Co and C; are in Ext K. If TCExt K then the third component Cr of C\K
is also in Ext K and a contradiction is reached just as in the proof of Lemma
6.1.

Thus since € and T were arbitrary and K&EB(T, €) has been found, it fol-
lows that C has property P.

9. Conclusion. Theorems 8.2 and 8.3 combine to give the following result.

9.1. THEOREM. If Cis a k-cell in R® for k=1, 2, or 3, and has any two of the
following three properties, then it also has the third.

1. Property P.

2. The uniform disk property.

3. The strong enclosure property.

9.2. THEOREM. If C is a 1-cell in R® with property P, then C has the sirong
enclosure property.

If the word strong is deleted here, this becomes a restatement of Theorem
1 of Harrold [6]. The proof given by Harrold, together with the proof of suffi-
ciency in Theorem 8.2, establish 9.2 as stated.

9.3. CorROLLARY. If C is a 1-cell with property P, then C has the uniform
disk property.

Example 1.1 of Fox-Artin [4] is a 1-cell which can be shown to have the
uniform disk property but not the enclosure property, and hence of course,
not property P. Whether or not a 2-cell or a 3-cell with property P can fail to
have the enclosure property and/or the uniform disk property isan unanswered
question.
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